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ABSTRACT. We desribe the Koszul dual of two quadrati operads on planar forests intro-
dued to study the innitesimal Hopf algebra of planar rooted trees and prove that these operads
are Koszul.
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Introdution
The Hopf algebra of planar rooted trees, desribed in [2, 6℄, is a non-ommutative version of the
Hopf algebra of rooted tree introdued in [1, 7, 8, 9℄ in the ontext of Quantum Field Theories
and Renormalisation. An innitesimal version of this objet is introdued in [4℄, and is related to
two operads on planar forests in [3℄. These two operads, denoted by Pց and Pր, are presented
in the following way:
1. Pց is generated by m and ց∈ Pց(2), with relations:


m ◦ (ց, I) = ց ◦(I,m),
m ◦ (m, I) = m ◦ (I,m),
ց ◦(m, I) = ց ◦(I,ց).
1
2. Pր is generated by m and ր∈ Pր(2), with relations:

m ◦ (ր, I) = ր ◦(I,m),
m ◦ (m, I) = m ◦ (I,m),
ր ◦(ր, I) = ր ◦(I,ր).
The algebra of planar rooted trees is both the free Pր- and Pց-algebra generated by q , with
produts ր and ց given by ertain graftings.
The operads Pր and Pց are quadrati. Our aim in this note is to prove that they are both
Koszul, in the sense of [5℄. We desribe their Koszul dual (it turns out that they are quotient of
Pց and Pր) and the assoiated homology of Pր- or Pց-algebras. We ompute these homologies
for free objets and prove that they are onentrated in degree 0. This proves that these operads
are Koszul.
1 Operads of planar forests
1.1 Presentation
We work in this text with operads, whereas we worked in [3℄ with non-Σ-operads. In other terms,
we replae the non-Σ-operads of [3℄ by their symmetrization [10℄.
Denition 1
1. Pց is generated, as an operad, by m and ց, with the relations:

ց ◦(m, I) = ց ◦(I,ց),
ց ◦(I,m) = m ◦ (ց, I),
m ◦ (m, I) = m ◦ (I,m).
2. Pր is generated, as an operad, by m and ր, with the relations:

ր ◦(ր, I) = ր ◦(I,ր),
ր ◦(I,m) = m ◦ (ր, I),
m ◦ (m, I) = m ◦ (I,m).
Remarks.
1. Graphially, the relations dening Pց an be written in the following way:
 ❅
❅ 
ց
m
1 2
3
=
 
 
❅
❅
ց
ց
1
2 3
,
 ❅
❅ 
m
m
1 2
3
=
 
 
❅
❅
m
m
1
2 3
,
 ❅
❅ 
m
ց
1 2
3
=
 
 
❅
❅
ց
m
1
2 3
.
2. We denote by P˜ց the sub-non-Σ-operad of Pց generated by m and ց. Then Pց is the
symmetrization of P˜ց.
3. Graphially, the relations of P
!
ր an be written in the following way:
 ❅
❅ 
ր
ր
=
 
 
❅
❅
ր
ր
,
 ❅
❅ 
m
m
=
 
 
❅
❅
m
m
,
 ❅
❅ 
m
ր
=
 
 
❅
❅
ր
m
.
4. We denote by P˜ր the sub-non-Σ-operad of Pր generated by m and ր. Then Pր is the
symmetrization of P˜ր.
2
Both of these non-Σ-operads admits a desription in terms of planar forests [3℄. In partiular,
the dimension of P˜ց(n) and P˜ր(n) is given by the n-th Catalan number [11, 12℄. Multiplying
by a fatorial, for all n ≥ 1:
dimPց(n) = dimPր(n) =
(2n)!
(n + 1)!
.
In partiular, dimPց(2) = dimPր(2) = 4 and dimPց(3) = dimPր(3) = 30.
1.2 Free algebras on these operads
We desribed in [3℄ the free Pց- and Pր-algebras on one generators, using planar rooted trees.
We here generalise (without proof) these results. Let D be any set. We denote by TD the set of
planar trees deorated by D and by FD the set of non-empty planar forests deorated by D.
1. The free Pց-algebra generated by D has the set F
D
as a basis. The produt m is given by
onatenation of forests. For all F , G ∈ FD, the produt F ց G is obtained by grafting
F on the root of G, on the left.
2. The free Pր-algebra generated by D has the set F
D
as a basis. The produt m is given by
onatenation of forests. For all F , G ∈ FD, the produt F ր G is obtained by grafting
F on the left leaf of G.
In both ases, we identied d ∈ D with qd ∈ FD. Moreover, for all F ∈ FD, F ց qd = F ր qd
is the tree obtained by grafting the trees of F on a ommon root deorated by d: this tree will
be denoted by Bd(F ).
2 The operad Pց is Koszul
2.1 Koszul dual of Pց
(See [5, 10℄ for the notion of Koszul duality for quadrati operads). We denote by P
!
ց the Koszul
dual of Pց.
Theorem 2 The operad P
!
ց is generated by m and ց∈ P
!
ց(2), with the relations:


ց ◦(m, I) = ց ◦(I,ց),
m ◦ (m, I) = m ◦ (I,m),
m ◦ (ց, I) = ց ◦(I,m),
ց ◦(ց, I) = 0,
m ◦ (I,ց) = 0.
Proof. Let P(E) be the operad freely generated by the S2-module freely generated by m
and ց. Then Pց an be written Pց = P(E)/(R), where R is a sub-S3-module of P(E)(3).
As dim(P(E)) = 48 and dim(Pց(3)) = 30, dim(R) = 18. So dim(R
⊥) = 48 − 18 = 30. We
then verify that the given relations for P
!
ց are indeed in R
⊥
, that eah of them generates a free
S3-module, whih are in diret sum. So these relations generate entirely P(E)(3). ✷
Remarks.
1. So P
!
ց is a quotient of Pց.
3
2. Moreover, P
!
ց is the symmetrisation of the non-Σ-operad P˜
!
ց generated by m and ց and
the relations: 

ց ◦(m, I) = ց ◦(I,ց),
m ◦ (m, I) = m ◦ (I,m),
m ◦ (ց, I) = ց ◦(I,m),
ց ◦(ց, I) = 0,
m ◦ (I,ց) = 0.
This is a general fat: the Koszul dual of the symmetrisation of a quadrati non-Σ operad
is itself the symmetrisation of a ertain quadrati non-Σ-operad.
3. Graphially, the relations dening P
!
ց an be written in the following way:
 ❅
❅ 
ց
m
1 2
3
=
 
 
❅
❅
ց
ց
1
2 3
,
 ❅
❅ 
m
m
1 2
3
=
 
 
❅
❅
m
m
1
2 3
,
 ❅
❅ 
m
ց
1 2
3
=
 
 
❅
❅
ց
m
1
2 3
,
 ❅
❅ 
ց
ց
1 2
3
= 0,
 
 
❅
❅
m
ց
1
2 3
= 0.
2.2 Free P
!
ց-algebras
Let V be nite-dimensional vetor spae. We put:

Tց(V )(n) =
n⊕
k=1
V ⊗n for all n ≥ 1,
Tց(V ) =
∞⊕
n=1
Tց(V )(n).
In order to distinguish the dierent opies of V ⊗n, we put:
T (V )(n) =
n⊕
k=1
(
A⊗ . . . ⊗A⊗ A˙⊗A⊗ . . . ⊗A
)
︸ ︷︷ ︸
the k-th opy of A is pointed.
.
The elements of A⊗. . .⊗A⊗A˙⊗A⊗. . .⊗A will be denoted by v1⊗. . .⊗vk−1⊗v˙k⊗vk+1⊗. . .⊗vn.
We dene m and ց over Tց(V ) in the following way: for v = v1 ⊗ . . . ⊗ v˙k ⊗ . . . ⊗ vm and
w = w1 ⊗ . . . ⊗ w˙l ⊗ . . .⊗ wn,
vw =
{
0 if l 6= 1,
v1 ⊗ . . .⊗ v˙k ⊗ . . .⊗ vm ⊗w1 ⊗ . . .⊗ wn if l = 1;
v ց w =
{
0 if k 6= 1,
v1 ⊗ . . .⊗ vm ⊗w1 ⊗ . . .⊗ w˙l ⊗ . . . ⊗ wn if k = 1.
Lemma 3 Tց(V ) is a P
!
ց-algebra generated by V .
Proof. Let us rst show that the relations of the P
!
ց-algebras are satised. Let u =
u1 ⊗ . . .⊗ u˙j ⊗ . . . ⊗ um, v = v1 ⊗ . . .⊗ v˙k ⊗ . . .⊗ vn and w = w1 ⊗ . . .⊗ w˙l ⊗ . . . ⊗ wp.
(uv)ց w = 0 if j 6= 1 or k 6= 1,
= u1 ⊗ . . .⊗ um ⊗ v1 ⊗ . . .⊗ vn ⊗ w1 ⊗ . . .⊗ w˙l ⊗ . . .⊗ wp if j = k = 1,
uց (v ց w) = 0 if j 6= 1 or k 6= 1,
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= u1 ⊗ . . .⊗ um ⊗ v1 ⊗ . . .⊗ vn ⊗ w1 ⊗ . . .⊗ w˙l ⊗ . . .⊗ wp if j = k = 1,
(uv)w = 0 if k 6= 1 or l 6= 1,
= u1 ⊗ . . .⊗ u˙j . . .⊗ um ⊗ v1 ⊗ . . . ⊗ vn ⊗ w1 ⊗ . . . ⊗ wp if k = l = 1,
u(vw) = 0 if k 6= 1 or l 6= 1,
= u1 ⊗ . . .⊗ u˙j . . .⊗ um ⊗ v1 ⊗ . . . ⊗ vn ⊗ w1 ⊗ . . . ⊗ wp if k = l = 1,
(uց v)w = 0 if j 6= 1 or l 6= 1,
= u1 ⊗ . . .⊗ um ⊗ v1 ⊗ . . .⊗ v˙k . . .⊗ vn ⊗ w1 ⊗ . . .⊗ wp if j = l = 1,
uց (vw) = 0 if j 6= 1 or l 6= 1,
= u1 ⊗ . . .⊗ um ⊗ v1 ⊗ . . .⊗ v˙k . . .⊗ vn ⊗ w1 ⊗ . . .⊗ wp if j = l = 1,
(uց v)ց w = 0,
u(v ց w) = 0.
So (Tց(V ),m,ց) is a P
!
ց-algebra. Moreover, for all v1, . . . , vn ∈ V :
v1 ⊗ . . .⊗ v˙k ⊗ . . .⊗ vn = (v˙1 . . . v˙k−1)ց (v˙k . . . v˙n).
Hene, Tց(V ) is generated by V . ✷
The P
!
ց-algebra Tց(V ) is also graded by putting V in degree 1. It is then a quotient of the
free P
!
ց-algebra generated by V , whih is:
∞⊕
n=0
P˜
!
ց(n)⊗ V
⊗n.
So, for all n ∈ N, dim(P˜!ց(n)⊗V
⊗n) ≥ dim(Tց(V )(n)), so dim(P˜
!
ց(n)) ≥ n and dim(P
!
ց(n)) ≥
nn!.
Lemma 4 For all n ∈ N, dim(P!ց(n)) ≤ nn!.
Proof. P
!
ց(n) is linearly generated by the binary trees with n indexed leaves, whose internal
verties are deorated by m and ց. By the four rst relations of P!ց, we obtain that P
!
ց(n) is
generated by the trees of the following form:
 
 
❅
❅
.
.
.
 
 
❅
❅
σ(1)
σ(2)
σ(n− 2)
σ(n− 1) σ(n)
a1
a2
a
n−2
a
n−1
,
with σ ∈ Sn, a1, . . . an−1 ∈ {m,ց}. With the last relation, we dedue that P
!
ց(n) is generated
by the trees of the following form:
 
 
❅
❅
.
.
.
 
 
❅
❅
σ(1)
σ(2)
σ(i− 1)
σ(i)
ց
ց
ց
m
.
.
.
 
 
❅
❅σ(n− 2)
σ(n− 1) σ(n)
m
m
,
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where σ ∈ Sn, 1 ≤ i ≤ n. Hene, dim(P
!
ց(n)) ≤ nn!. ✷
As a onsequene:
Theorem 5 Let n ≥ 1.
1. dim(P!ց(n)) = nn!.
2. P
!
ց(n) is freely generated, as a Sn-module, by the following trees:
 
 
❅
❅
.
.
.
 
 
❅
❅
1
2
i− 1
i
ց
ց
ց
m
.
.
.
 
 
❅
❅n − 2
n− 1 n
m
m
,
where 1 ≤ i ≤ n.
3. Tց(V ) is the free P
!
ց-algebra generated by V .
2.3 Homology of a Pց-algebra
Let us now desribe the ofree Pց-algebra ogenerated by V . By duality, it is equal to Tց(V )
as a vetor spae, with oproduts given in the following way: for v = v1 ⊗ . . .⊗ v˙k ⊗ . . .⊗ vm,
∆(v) =
m−1∑
i=k
(v1 ⊗ . . .⊗ v˙k ⊗ . . .⊗ vi)⊗ (v˙i+1 ⊗ . . .⊗ vm),
∆ց(v) =
k−1∑
i=1
(v˙1 ⊗ . . .⊗ vi)⊗ (vi+1 ⊗ . . . ⊗ v˙k ⊗ . . . ⊗ vm).
Let A be a Pց-algebra. The homology omplex of A is given by the shifted ofree oalgebra
Tց(V )[−1], with dierential d : Tց(V )(n) −→ Tց(V )(n − 1), uniquely determined by the
following onditions:
1. for all a, b ∈ A, d(a˙⊗ b) = ab.
2. for all a, b ∈ A, d(a⊗ b˙) = aց b.
3. Let θ : Tց(A) −→ Tց(A) be the following appliation:
θ :
{
Tց(A) −→ Tց(A)
x −→ (−1)degree(x)x for all homogeneous x.
Then d is a θ-oderivation: for all x ∈ Tց(A),
∆(d(x)) = (d⊗ Id+ θ ⊗ Id) ◦∆(x),
∆ց(d(x)) = (d⊗ Id+ θ ⊗ Id) ◦∆ց(x).
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So, d is the appliation whih sends the element v1 ⊗ . . .⊗ v˙k ⊗ . . .⊗ vm to:
k−2∑
i=1
(−1)i−1v1 ⊗ . . .⊗ vivi+1 ⊗ . . .⊗ v˙k ⊗ . . .⊗ vm
+(−1)k−2v1 ⊗ . . .⊗
.︷ ︸︸ ︷
vk−1 ց vk⊗ . . . ⊗ vm
+(−1)k−1v1 ⊗ . . .⊗
.︷ ︸︸ ︷
vkvk+1⊗ . . .⊗ vm
+
n−1∑
i=k+1
(−1)i−1v1 ⊗ . . . ⊗ v˙k ⊗ . . . ⊗ vivi+1 ⊗ . . . ⊗ vm.
The homology of this omplex will be denoted by Hց∗ (A). More learly, for all n ∈ N:
Hցn (A) =
Ker
(
d|Tց(A)(n+1)
)
Im
(
d|Tց(A)(n+2)
) .
Examples. Let v1, v2, v3 ∈ A.


d(v1) = 0,
d(v˙1 ⊗ v2) = v1v2,
d(v1 ⊗ v˙2) = v1 ց v2,
d(v˙1 ⊗ v2 ⊗ v3) =
.︷︸︸︷
v1v2⊗v3 − v˙1 ⊗ v2v3,
d(v1 ⊗ v˙2 ⊗ v3) =
.︷ ︸︸ ︷
v1 ց v2⊗v3 − v1 ⊗
.︷︸︸︷
v2v3,
d(v1 ⊗ v2 ⊗ v˙3) = v1v2 ⊗ v˙3 − v1 ⊗
.︷ ︸︸ ︷
v2 ց v3 .
So: 

d2(v˙1 ⊗ v2 ⊗ v3) = (v1v2)v3 − v1(v2v3),
d2(v1 ⊗ v˙2 ⊗ v3) = (v1 ց v2)v3 − v1 ց (v2v3),
d2(v1 ⊗ v2 ⊗ v˙3) = (v1v2)ց v3 − v1 ց (v2 ց v3).
So the nullity of d2 on Tց(A)(3) is equivalent to the three relations dening Pց-algebras (this
is a general fat [5℄). In partiular:
Hց0 (A) =
A
A.A+Aց A
.
2.4 Homology of free Pց-algebras
The aim of this paragraph is to prove the following result:
Theorem 6 let N ≥ 1 and let A be the free Pց-algebra generated by D elements. Then
Hց0 (A) is D-dimensional; if n ≥ 1, H
ց
n (A) = (0).
Proof. Preliminaries. We put, for all k, n ∈ N∗:


Cn = Tց(A)(n),
Ckn = A⊗ . . . ⊗ A˙⊗ . . .⊗A︸ ︷︷ ︸
A in position k
⊆ Cn if k ≤ n,
C≤kn =
⊕
i≤k,nC
i
n ⊆ Cn.
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For all k ∈ N∗, C≤k∗ is a subomplex of C∗. In partiular, C
≤1
∗ is isomorphi to the omplex
dened by C ′n = A
⊗n
, with a dierential dened by:
d′ :


A⊗n −→ A⊗(n−1)
v1 ⊗ . . .⊗ vn −→
n−1∑
i=1
(−1)i−1v1 ⊗ . . .⊗ vi−1 ⊗ vivi+1 ⊗ vi+2 ⊗ . . .⊗ vn.
The homology of C ′∗ is then the shifted Hohshild homology of A. As A is a free (non unitary)
assoiative algebra, this homology is onentrated in degree 1. So,Ker
(
d
|C≤1n
)
⊆ Im(d) if n ≥ 2.
First step. Let us x n ≥ 2 and let us show that Ker
(
d
|C≤kn
)
⊆ Im(d) for all 1 ≤ k ≤ n− 1
by indution on k. For k = 1, this is already done. Let us assume that 2 ≤ k < n and
Ker
(
d
|C≤k−1n
)
⊆ Im(d). Let x =
k∑
i=1
xi ∈ Ker
(
d
|C≤kn
)
, with xi ∈ C
i
n. If xk = 0, then
x ∈ Ker
(
d
|C≤k−1n
)
by the indution hypothesis. Otherwise, we put:
xk =
∑
v1 ⊗ . . .⊗ v˙k ⊗ . . .⊗ vn.
We projet d(x) over Ckn−1. we obtain:
0 =
k−1∑
i=1
πk(d(xi)) +
∑ k−2∑
i=1
(−1)i−1πk(v1 ⊗ . . .⊗ vi−1 ⊗ vivi+1 ⊗ vi+2 ⊗ . . .⊗ v˙k ⊗ . . .⊗ vn)
+
∑
(−1)k−2πk(v1 ⊗ . . .⊗ vk−2 ⊗
.︷ ︸︸ ︷
vk−1 ց vk ⊗vk+1 ⊗ . . .⊗ vn)
+
∑
(−1)k−1πk(v1 ⊗ . . .⊗ vk−1 ⊗
.︷ ︸︸ ︷
vkvk+1⊗vk+2 ⊗ . . . ⊗ vn)
+
∑ n−1∑
i=k+1
(−1)i−1πk(v1 ⊗ . . .⊗ v˙k ⊗ . . .⊗ vi−1 ⊗ vivi+1 ⊗ vi+2 ⊗ . . .⊗ vn)
= 0 + 0 + 0 +
∑
(−1)k−1v1 ⊗ . . .⊗⊗vk−1 ⊗
.︷ ︸︸ ︷
vkvk+1⊗vk+2 ⊗ . . .⊗ vn
+
∑ n−1∑
i=k+1
(−1)i−1v1 ⊗ . . .⊗ v˙k ⊗ . . .⊗ vi−1 ⊗ vivi+1 ⊗ vi+2 ⊗ . . .⊗ vn
= (−1)k−1
∑
v1 ⊗ . . . ⊗ vk−1 ⊗ d
′(vk ⊗ . . . ⊗ vn).
Hene, we an suppose that d′(vk ⊗ . . .⊗ vn) = 0. As n− k+1 ≥ 2 and the omplex C
′
∗ is exat
in degree n− k + 1 ≥ 2, there exists
∑
wk ⊗ . . .⊗ wn+1 ∈ A
⊗(n−k+2)
, suh that:
d′
(∑
wk ⊗ . . . ⊗ wn+1
)
= vk ⊗ . . .⊗ vn.
We put w =
∑
v1⊗. . .⊗vk−1⊗(
∑
w˙k ⊗ . . . ⊗wn+1). Then d(w) = xk+C
k−1
n , so x−d(w) ∈ C
k−1
n .
As Im(d) ⊆ Ker(d), x − d(w) ∈ Ker
(
d
|C≤k−1n
)
⊆ Im(d) by the indution hypothesis. So,
x ∈ Im(d).
Seond step. Let us show that Ker
(
d
|C≤nn
)
⊆ Im(d) if n ≥ 3. Let x ∈ Ker
(
d
|C≤nn
)
. As
before, we put x =
n∑
i=1
xi, with xi ∈ C
i
n and:
xn =
∑
i
vi1 ⊗ . . .⊗ v˙
i
k ⊗ . . .⊗ v
i
n.
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We an assume that the vij 's are homogeneous. Let us x an integer N , greater than the degree
of xn and an integer M , smaller than max
i
{weight(vin)}. Let us show by dereasing indution the
following property: For allx ∈ Ker
(
d
|C≤nn
)
of weight ≤ N and suh that max
i
{weight(vin)} ≥M ,
then x ∈ Im(d). IfM > N , suh an x is zero and the result is trivial. Let us assume the property
at rank M + 1 and let us prove it at rank M . Let AM be the homogeneous omponent (for the
weight of forests) of degree M of A. We projet d(x) over A⊗ . . .⊗ ˙AM . Then:
0 = ̟M (d(x)) =
∑
i, weight(vin)=M
d′(vi1 ⊗ . . .⊗ v
i
n−1)⊗ v˙
i
n.
Hene, we an suppose that, for all i suh that weight(vin) = M , d
′(vi1 ⊗ . . . ⊗ v
i
n−1) = 0. As
n ≥ 3 and C ′∗ is exat at n− 1 ≥ 2, there exists
∑
j
wi,j1 ⊗ . . .⊗ w
i,j
n ∈ A
⊗n
suh that:
d′

∑
j
wi,j1 ⊗ . . . ⊗ w
i,j
n

 = vi1 ⊗ . . .⊗ vin−1.
As d′ is homogeneous for the weight, the weight of this element an be supposed smallest than
the weight of vi1 ⊗ . . . ⊗ v
i
n−1. We then put w =
∑
i, poids(vin)=M

∑
j
wi,j1 ⊗ . . .⊗ w
i,j
n

 ⊗ v˙in. So
x − d(w) is in x ∈ Ker
(
d
|C≤nn
)
, with weight ≤ N , and satises the property on the vin's for
M + 1. By indution hypothesis, x− d(w) ∈ Im(d), so x ∈ Im(d).
Hene, if n ≥ 3, Ker
(
d
|C≤nn
)
⊆ Im(d). As C≤nn = Cn, for all n ≥ 3, d(Cn+1) ⊆ Ker
(
d|Cn
)
⊆
d(Cn+1). Consequently, if n ≥ 2, H
ց
n (A) = (0).
Third step. We now ompute Hց1 (A). We take an element x ∈ C2 and show that it belongs
to Im(d). This x an be written under the form:
x =
∑
F,G∈FD−{1}
aF,GF ⊗ G˙−
∑
F,G∈FD−{1}
bF,GF˙ ⊗G.
So:
d(x) =
∑
F,G∈FD−{1}
aF,GF ց G−
∑
F,G∈F−{1}
bF,GFG.
Hene, the following assertions are equivalent:
1. d(x) = 0.
2. For all H ∈ FD − {1},
∑
FցG=H
aF,G =
∑
FG=H
bF,G.
First ase. For all F,G ∈ FD −{1}, aF,G = 0, that is to say x ∈ A˙⊗A. So d(x) = d
′(x′). As
C ′∗ is exat in degree 2, there exists v1⊗v2⊗v3 ∈ A
⊗3
suh that d′(v1⊗v2⊗v3) =
∑
F,G
bF,GF ⊗G.
Consequently, d(v˙1 ⊗ v2 ⊗ v3) =
∑
F,G
bF,GF˙ ⊗G = x.
Seond ase. x = F1 ⊗ F˙2 − G˙1 ⊗ G2, F1, F2, G1, G2 ∈ F
D
, suh that F1 ց F2 = G1G2 =
H. We put H = t1 . . . tn and t1 = Bd(s1 . . . sm), t1, . . . , tn, s1, . . . , sm ∈ T
D
. There exists
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i ∈ {1, . . . , n − 1} suh that G1 = t1 . . . ti and G2 = ti+1 . . . tn; there exists j ∈ {1, . . . ,m − 1}
suh that F1 = s1 . . . sj and F2 = Bd(sj+1 . . . sm)t2 . . . tn. Then:
d(s1 . . . sj ⊗
.︷ ︸︸ ︷
Bd(sj+1 . . . sm)t2 . . . ti⊗ti+1 . . . tn)
=
.︷ ︸︸ ︷
(s1 . . . sj)ց Bd(sj+1 . . . sm)t2 . . . ti⊗ti+1 . . . tn
−s1 . . . sj ⊗
.︷ ︸︸ ︷
Bd(sj+1 . . . sm)t2 . . . titi+1 . . . tn
= G˙1 ⊗G2 − F1 ⊗ F˙2.
So, x ∈ Im(d).
Third ase. We suppose now the following ondition:
(aF,G 6= 0) =⇒ (G /∈ T
D).
So, x an be written:
x =
∑
F,G∈FD, t∈TD
aF,tGF ⊗
.︷︸︸︷
tG −
∑
F,G∈FD
bF,GF˙ ⊗G.
By the seond ase, F ⊗
.︷︸︸︷
tG −
.︷ ︸︸ ︷
F ց t⊗G ∈ Im(d) ⊆ Ker(d). So the following element belongs
to Ker(d):
x−
∑
F,G∈FD, t∈TD
aF,tG(F ⊗
.︷︸︸︷
tG −
.︷ ︸︸ ︷
F ց t⊗G)
= −
∑
F,G∈FD
bF,GF˙ ⊗G+
∑
F,G∈FD, t∈TD
aF,tG
.︷ ︸︸ ︷
F ց t⊗G.
By the rst ase, this element belongs to Im(d), so x ∈ Im(d).
Fourth ase. We suppose now the following ondition:
(aF,G 6= 0) =⇒ (G /∈ T
D
ou G = qd , d ∈ D).
Let H = B+d (t1 . . . tn) ∈ T
D
, dierent from a single root. Then:
0 =
∑
FցG=H
aF,G −
∑
FG=H
bF,G =
n∑
i=1
at1...ti,Bd(ti+1...tn) − 0 = at1...tn, qd + 0 = aF, qd .
Consequently, for all F ∈ FD, d ∈ D, aF, qd = 0. By the third ase, x ∈ Im(d).
General ase. The following element belongs to Ker(d):
x′ = x+
∑
F,G∈FD, d∈D
aF,Bd(G)d(F ⊗G⊗ q˙d)
= x+
∑
F,G∈FD, d∈D
aF,Bd(G)FG⊗ q˙d −
∑
F,G∈FD, d∈D
aF,Bd(G)F ⊗
.︷ ︸︸ ︷
Gց qd
= x+
∑
F,G∈FD, d∈D
aF,Bd(G)FG⊗ q˙d −
∑
F,G∈FD, d∈D
aF,Bd(G)F ⊗
˙Bd(G)
=
∑
F∈FD, G∈FD−TD
aF,GF ⊗ G˙+
∑
F∈FD , d∈D
aF,GF ⊗ q˙d
−
∑
F,G∈FD
bF,GF˙ ⊗G+
∑
F,G∈FD, d∈D
aF,Bd(G)FG⊗ q˙d .
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So x′ satises the ondition of the fourth ase, so x′ ∈ Im(d). Hene, x ∈ Im(d). This proves
nally that Ker(d|C2) = d(C3), so H
ց
1 (A) = (0)
It remains to ompute Hց0 (A). This is equal to A/(A.A + A ց A), so a basis of H
ց
0 (A) is
given by the trees of weight 1, so dim(Hց0 (A)) = D. ✷
As an immediate orollary:
Corollary 7 The operad Pց is Koszul.
3 The operad Pր is Koszul
3.1 Koszul dual of Pր
We denote by P
!
ր the Koszul dual of Pր.
Theorem 8 The operad P
!
ր is generated by m and ր∈ P
!
ր(2), with the relations:


ր ◦(ր, I) = ր ◦(I,ր),
m ◦ (m, I) = m ◦ (I,m),
m ◦ (ր, I) = ր ◦(I,m),
ր ◦(m, I) = 0,
m ◦ (I,ր) = 0.
Proof. Similar as the proof of theorem 2. ✷
Remarks.
1. So P
!
ր is a quotient of Pր.
2. The operad P
!
ր is the symmetrization of the non-Σ-operad P˜
!
ր, generated by m and ր,
with relations: 

ր ◦(ր, I) = ր ◦(I,ր),
m ◦ (m, I) = m ◦ (I,m),
m ◦ (ր, I) = ր ◦(I,m),
ր ◦(m, I) = 0,
m ◦ (I,ր) = 0.
3. Graphially, the relations of P
!
ր an be written in the following way:
 ❅
❅ 
ր
ր
=
 
 
❅
❅
ր
ր
,
 ❅
❅ 
m
m
=
 
 
❅
❅
m
m
,
 ❅
❅ 
m
ր
=
 
 
❅
❅
ր
m
,
 ❅
❅ 
ր
m
= 0,
 
 
❅
❅
m
ր
= 0.
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3.2 Free P
!
ր-algebras
Let V be nite-dimensional vetor spae. We put:

Tր(V )(n) =
n⊕
k=1
V ⊗n for all n ≥ 1,
Tր(V ) =
∞⊕
n=1
Tր(V )(n).
In order to distinguish the dierent opies of V ⊗n, we put:
T (V )(n) =
n⊕
k=1

A ⊗ր . . . ⊗ր A ⊗ր A⊗A⊗ . . .⊗A︸ ︷︷ ︸
(k − 1) signs ⊗ր

 .
The elements of A ⊗ր . . . ⊗ր A ⊗ . . . ⊗ A will be denoted by v1 ⊗ր . . . ⊗ր vk ⊗ . . . ⊗ vn. We
dene m and ր over Tր(V ) in the following way: for v = v1 ⊗ր . . . ⊗ր vk ⊗ . . . ⊗ vm and
w = w1 ⊗ր . . . ⊗ր wl ⊗ . . . ⊗ wn,
vw =
{
0 if l 6= 1,
v1 ⊗ր . . . ⊗ր vk ⊗ . . .⊗ vm ⊗ w1 ⊗ . . .⊗ wn if l = 1;
v ր w =
{
0 if k 6= m− 1,
v1 ⊗ր . . . ⊗ր vm ⊗ր w1 ⊗ր . . . ⊗ր wl ⊗ . . .⊗ wn if k = 1.
As for Pց, we an prove the following result:
Theorem 9 Let n ≥ 1.
1. dim(P!ր(n)) = nn!.
2. P
!
ր(n) is freely generated, as a Sn-module, by the following trees:
 
 
❅
❅
.
.
.
 
 
❅
❅
σ(1)
σ(2)
σ(i− 1)
σ(i)
ր
ր
ր
m
.
.
.
 
 
❅
❅σ(n− 2)
σ(n− 1) σ(n)
m
m
,
where 1 ≤ i ≤ n.
3. Tր(V ) is the free P
!
ր-algebra generated by V .
3.3 Homology of a Pր-algebra
Let us now desribe the ofree Pր-algebra ogenerated by V . By duality, it is equal to Tր(V )
as a vetor spae, with oproduts given in the following way: for v = v1 ⊗ր . . . ⊗ր vk ⊗ . . .⊗ vm,
∆(v) =
m−1∑
i=k
(v1 ⊗ր . . . ⊗ր vk ⊗ . . .⊗ vi)⊗ (vi+1 ⊗ . . .⊗ vm),
∆ր(v) =
k−1∑
i=1
(v1 ⊗ր . . . ⊗ր vi)⊗ (vi+1 ⊗ր . . . ⊗ր vk ⊗ . . . ⊗ vm).
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Let A be a Pր-algebra. The homology omplex of A is given by the shifted ofree oalgebra
Tր(V )[−1], with dierential d : Tր(V )(n) −→ Tր(V )(n − 1), uniquely determined by the
following onditions:
1. for all a, b ∈ A, d(a⊗ b) = ab.
2. for all a, b ∈ A, d(a ⊗ր b) = aր b.
3. Let θ : Tր(A) −→ Tր(A) be the following appliation:
θ :
{
Tր(A) −→ Tր(A)
x −→ (−1)degree(x)x for all homogeneous x.
Then d is a θ-oderivation: for all x ∈ Tր(A),
∆(d(x)) = (d⊗ Id+ θ ⊗ Id) ◦∆(x),
∆ր(d(x)) = (d⊗ Id+ θ ⊗ Id) ◦∆ր(x).
So, d is the appliation whih sends the element v1 ⊗ . . .⊗ v˙k ⊗ . . .⊗ vm to:
d(v1 ⊗ր . . . ⊗ր vk ⊗ . . .⊗ vn)
=
k−1∑
i=1
(−1)i−1v1 ⊗ր . . . ⊗ր vi−1 ⊗ր vi ր vi+1 ⊗ր vi+2 ⊗ր . . . ⊗ր vk ⊗ . . .⊗ vn
+
n−1∑
i=k
(−1)i−1v1 ⊗ր . . . ⊗ր vk ⊗ . . .⊗ vi−1 ⊗ vivi+1 ⊗ vi+2 ⊗ . . .⊗ vn.
This homology will be denoted by Hր∗ (A). More learly, for all n ∈ N:
Hրn (A) =
Ker
(
d|Tր(A)(n+1)
)
Im
(
d|Tր(A)(n+2)
) .
Examples. Let v1, v2, v3 ∈ A.


d(v1) = 0,
d(v1 ⊗ v2) = v1v2,
d(v1 ⊗ր v2) = v1 ր v2,
d(v1 ⊗ v2 ⊗ v3) = v1v2 ⊗ v3 − v1 ⊗ v2v3,
d(v1 ⊗ր v2 ⊗ v3) = v1 ր v2 ⊗ v3 − v1 ⊗ր v2v3,
d(v1 ⊗ր v2 ⊗ր v3) = v1 ր v2 ⊗ր v3 − v1 ⊗ր v2 ր v3.
So: 

d2(v1 ⊗ v2 ⊗ v3) = (v1v2)v3 − v1(v2v3),
d2(v1 ⊗ր v2 ⊗ v3) = (v1 ր v2)v3 − v1 ր (v2v3),
d2(v1 ⊗ր v2 ⊗ր v3) = (v1 ր v2)ր v3 − v1 ր (v2 ր v3).
So the nullity of d2 on Tր(A)(3) is equivalent to the three relations dening Pր-algebras, as for
Pց. In partiular:
Hր0 (A) =
A
A.A+Aր A
.
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3.4 Homology of free Pր-algebras
The aim of this paragraph is to prove the following result:
Theorem 10 let N ≥ 1 and let A be the free Pր-algebra generated by D elements. Then
Hր0 (A) is D-dimensional; if n ≥ 1, H
ր
n (A) = (0).
Proof. Preliminaries. We put, for k, n ∈ N∗:

C ′n = Tր(A)(n),
C ′kn = A ⊗ր . . . ⊗ր A⊗ . . .⊗A︸ ︷︷ ︸
k − 1 signs ⊗ր
⊆ C ′n if k ≤ n,
C ′≤kn =
⊕
i≤k,nC
′i
n ⊆ C
′
n.
For all k ∈ N∗, C ′≤k∗ is a subomplex of C
′
n. In partiular, C
′≤1
∗ is isomorphi to the omplex
dened by C ′n = A
⊗n
, with dierential given by:
d′ :


A⊗n −→ A⊗(n−1)
a1 ⊗ . . .⊗ an −→
n−1∑
i=1
(−1)i−1a1 ⊗ . . .⊗ ai−1 ⊗ aiai+1 ⊗ ai+2 ⊗ . . .⊗ an.
Hene, the homology of C ′∗ is the (shifted) Hohshild homology of A. As A is a free (non
unitary) assoiative algebra, this homology is onentrated in degree 1. So:
Ker
(
d
|C′≤1n
)
⊆ Im(d) if n ≥ 2. (1)
Moreover, C ′∗ admits a subomplex dened by C
′′
∗ (n) = A ⊗ր . . . ⊗ր A, with dierential given
by:
d :


C ′′∗ (n) −→ C
′′
∗ (n− 1)
v1 ⊗ր . . . ⊗ր vn −→
n−1∑
i=1
(−1)i−1v1 ⊗ր . . . ⊗ր vi−1 ⊗ vi ր vi+1 ⊗ր vi+2 ⊗ր . . . ⊗ր vn.
Hene, the homology of this subomplex is the shifted Hohshild homology of the assoiative
algebra (A,ր).
Lemma 11 Every forest F ∈ FD − {1} an be uniquely written as F1 ր . . . ր Fn, where
the Fi's are elements of F
D
of the form Fi = qdiGi.
Proof. Existene. By indution on the weight of F . If weight(F ) = 1, F = qd and the result
is obvious. If weight(F ) ≥ 2, we put F = B+d (H1)H2, with weight(H1) < weight(F ). If H1 = 1,
the result is obvious. If H1 6= 1, we apply the indution hypothesis on H1, so it an be written
as H1 = F1 ր . . .ր Fn, with Fi = qdiGi. We put Fn+1 = qdH2, so F = F1 ր . . .ր Fn+1.
Uniity. By indution on the weight of F . If weight(F ) = 1, then F = qd and this
is obvious. If weight(F ) ≥ 2, we put F = Bd(H1)H2, with weight(H1) < weight(F ). If
F = F1 ր . . . ր Fn, then Fn = qdH2 and F1 ր . . . ր Fn−1 = H1. Hene, Fn is unique. We
onlude with the indution hypothesis. ✷
This lemma implies that (A,ր) is freely generated by forests of the form qdG. So:
Ker
(
d|C′′n
)
⊆ Im(d) if n ≥ 2. (2)
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First step. Let us x n ≥ 2. We show by indution on k the following property:
Ker
(
d
|C′≤kn
)
⊆ Im(d) for all 1 ≤ k ≤ n− 1.
For k = 1, this is (1). Let us suppose 2 ≤ k < n and Ker
(
d
|C′≤k−1n
)
⊆ Im(d). Let x =
k∑
i=1
xi ∈
Ker
(
d
|C′≤kn
)
, with xi ∈ C
′i
n. If xk = 0, then x ∈ Ker
(
d
|C′≤k−1n
)
and the indution hypothesis
holds. We then suppose xk 6= 0, and we put:
xk =
∑
v1 ⊗ր . . . ⊗ր vk ⊗ . . .⊗ vn.
Let us projet d(x) over C ′kn−1. We get:
k−1∑
i=1
πk(d(xi)) +
k−1∑
i=1
(−1)i−1
∑
πk(v1 ⊗ր . . . ⊗ր vi ր vi+1 ⊗ր . . . ⊗ր vk ⊗ . . .⊗ vn)
+
n−1∑
i=k
(−1)i−1
∑
πk(v1 ⊗ր . . . ⊗ր vk ⊗ . . . ⊗ vivi+1 ⊗ . . . ⊗ vn)
= 0 + 0 + (−1)k−1
∑
v1 ⊗ր . . . ⊗ր vk−1 ⊗ր d
′(vk ⊗ . . .⊗ vn)
= 0.
Hene, we an suppose d′(vk ⊗ . . . ⊗ vn) = 0. As n− k + 1 ≥ 2, by (1), there exists an element∑
wk ⊗ . . . ⊗ wn+1 ∈ A
⊗(n−k+2)
, suh that:
d′
(∑
wk ⊗ . . .⊗ wn+1
)
= vk ⊗ . . . ⊗ vn.
We put w =
∑
v1 ⊗ր . . . ⊗ր vk−1 ⊗ր (
∑
wk ⊗ . . .⊗ wn+1). Then, d(w) = xk+C
′k−1
n , so x−d(w) ∈
C ′k−1n . As Im(d) ⊆ Ker(d), x − d(w) ∈ Ker
(
d
|C′≤k−1n
)
⊆ Im(d) by the indution hypothesis.
Hene, x ∈ Im(d).
Seond step. Let us show that, if n ≥ 3, Ker
(
d
|C′≤nn
)
⊆ Im(d). Take x ∈ Ker
(
d
|C≤nn
)
,
written as x =
n∑
i=1
xi, with xi ∈ C
i
n and xn =
∑
i
vi1 ⊗ր . . . ⊗ր v
i
n. We an suppose the v
i
j 's
homogeneous. Let us x an integer N , greater than the degree of xn, and an integer M , smaller
than min
i
{weight(vin)}. Let us show by a dereasing indution on M the following property: for
all x ∈ Ker
(
d
|C′≤nn
)
, of weight ≤ N , and suh that min
i
{weight(vin)} ≥M , then x ∈ Im(d). If
M > N , suh an x is zero, and the result is obvious. Suppose the result at rank M + 1 and let
us show it at rank M . Let AM be the homogeneous (for the weight) omponent of degree M of
A and let us projet d(x) over A ⊗ր . . . ⊗ր A ⊗ր AM . We get:
0 = ̟M (d(x)) =
∑
i, weight(vin)=M
d(vi1 ⊗ր . . . ⊗ր v
i
n−1) ⊗ր v
i
n.
Hene, we an suppose that, for all i suh that weight(vin) = M , d(v
i
1 ⊗ր . . . ⊗ր v
i
n−1) = 0. As
n ≥ 3, by (2), there exists
∑
j
wi,j1 ⊗ր . . . ⊗ր w
i,j
n ∈ C
′
n suh that:
d

∑
j
wi,j1 ⊗ր . . . ⊗ր w
i,j
n

 = vi1 ⊗ր . . . ⊗ր vin−1.
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As d is homogeneous for the weight, we an suppose that the weight of this element is smaller
than the weight of vi1 ⊗ . . . ⊗ v
i
n−1. We then put:
w =
∑
i, weight(vin)=M
∑
j
wi,j1 ⊗ր . . . ⊗ր w
i,j
n ⊗ր v
i
n.
So x−d(w) ∈ Ker
(
d
|C′≤nn
)
, with a weight ≤ N , and satises the property on the vin's forM+1.
By the indution hypothesis, x− d(w) ∈ Im(d), so x ∈ Im(d).
So, if n ≥ 2, as C ′≤nn = C
′
n, H
ր
n (A) = (0).
Third step. We now ompute Hր1 (A). We take an element x ∈ C
′
2 and show that it belongs
to Im(d). This element an be written as:
x =
∑
F,G∈FD−{1}
aF,GF ⊗ր G−
∑
F,G∈FD−{1}
bF,GF ⊗G.
so:
d(x) =
∑
F,G∈FD−{1}
aF,GF ր G−
∑
F,G∈FD−{1}
bF,GFG.
As a onsequene, the following assertions are equivalent:
1. d(x) = 0.
2. for all H ∈ FD − {1},
∑
FրG=H
aF,G =
∑
FG=H
bF,G.
First ase. For all F,G ∈ FD − {1}, aF,G = 0, that is to say x ∈ A ⊗ A: then the result
omes diretly from (1).
Seond ase. x = F1 ⊗ր F2−G1⊗G2, F1, F2, G1, G2 ∈ F
D
, suh that F1 ր F2 = G1G2 = H.
We put H = t1 . . . tn et t1 = H1 ր . . .ր Hm, t1, . . . , tn ∈ T
D
, the Hi's of the form qdiH
′
i (lemma
11). Then there exists i ∈ {1, . . . , n − 1}, suh that G1 = t1 . . . ti and G2 = ti+1 . . . tn; there
exists j ∈ {1, . . . ,m− 1}, suh that F1 = H1 ր . . .ր Hj and F2 = (Hj+1 ր . . .ր Hm)t2 . . . tn.
So:
d(H1 ր . . .ր Hj ⊗ր (Hj+1 ր . . .ր Hm)t2 . . . ti ⊗ ti+1 . . . tn)
= (H1 ր . . .ր Hj)ր (Hj+1 ր . . .ր Hm)t2 . . . ti ⊗ ti+1 . . . tn)
−H1 ր . . .ր Hj ⊗ր (Hj+1 ր . . .ր Hm)t2 . . . titi+1 . . . tn)
= G1 ⊗G2 − F1 ⊗ր F2.
Hene, x ∈ Im(d).
Third ase. We suppose that the following ondition holds:
(aF,G 6= 0) =⇒ (G /∈ T
D).
So, x an be written as:
x =
∑
F,G∈FD, t∈TD
aF,tGF ⊗ր tG−
∑
F,G∈FD
bF,GF ⊗G.
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By the seond ase, F ⊗ր tG− F ր t⊗G ∈ Im(d) ⊆ Ker(d). So, the following element belongs
to Ker(d):
x−
∑
F,G∈FD, t∈TD
aF,tG(F ⊗ր tG− F ր t⊗G)
= −
∑
F,G∈FD
bF,GF ⊗G+
∑
F,G∈FD, t∈TD
aF,tGF ր t⊗G.
By the rst ase, this element belongs to Im(d), so x ∈ Im(d).
Fourth ase. We suppose that the following ondition holds:
(aF,G 6= 0) =⇒ (G /∈ T
D
or G = qd , d ∈ D).
Let H ∈ FD − {1}. Let us write B+d (H) = H1 ր . . . ր Hn, withHi = qdiH
′
i for all i (lemma
11). As B+d (H) ∈ T
D
, Hn = qdn and H1 ր . . .ր Hn−1 = H. So:
0 =
∑
FրG=Bd(H)
aF,G −
∑
FG=Bd(H)
bF,G
=
n∑
i=1
aH1ր...րHi,Hi+1ր...րHn − 0
= aH1ր...րHn−1, qd + 0
= aH, qd .
(We used the ondition on x for the third equality). So, for all F ∈ FD, d ∈ D, we obtain
aF, qd = 0. As a onsequene, by the third ase, x ∈ Im(d).
General ase. The following element belongs to Ker(d):
x′ = x+
∑
F,G∈FD, d∈D
aF,Bd(G)d(F ⊗ր G ⊗ր qd)
= x+
∑
F,G∈FD, d∈D
aF,Bd(G)F ր G ⊗ր qd −
∑
F,G∈FD, d∈D
aF,Bd(G)F ⊗ր Gր qd
= x+
∑
F,G∈FD, d∈D
aF,Bd(G)F ր G ⊗ր qd −
∑
F,G∈FD, d∈D
aF,Bd(G)F ⊗ր Bd(G)
=
∑
F∈FD, G∈FD−TD
aF,GF ⊗ր G+
∑
F∈FD, d∈D
aF,GF ⊗ր qd
−
∑
F,G∈FD
bF,GF ⊗G+
∑
F,G∈FD, d∈D
aF,Bd(G)FG ⊗ր qd .
So, x′ satises the ondition of the fourth as, so x′ ∈ Im(d). Hene, x ∈ Im(d).
It remains to ompute Hր0 (A). This is equal to A/(A.A + A ր A), so a basis of H
ր
0 (A) is
given by the trees of weight 1, so dim(Hր0 (A)) = D. ✷
As an immediate orollary:
Corollary 12 The operad Pր is Koszul.
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